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CAYLEY SUMS AND MINKOWSKI SUMS OF 2-CONVEX-NORMAL
LATTICE POLYTOPES
AKIYOSHI TSUCHIYA
ABSTRACT. In this paper, we discuss the integer decomposition property for Cayley
sums and Minkowski sums of lattice polytopes. In fact, we characterize when Cayley
sums have the integer decomposition property in terms of Minkowski sums. Moreover,
by using this characterization, we consider when Cayley sums and Minkowski sums of
2-convex-normal lattice polytopes have the integer decomposition property. Finally, we
also discuss the level property for Minkowski sums and Cayley sums.
INTRODUCTION
A lattice polytope is a convex polytope all of whose vertices have integer coordinates.
In the present paper, we discuss two algebraic properties of lattice polytopes, which are
called the integer decomposition property and the level property. First, we begin with the
definitions of these properties.
0.1. IDP polytopes and level polytopes. Let P ⊂ RN be a lattice polytope and let
dim(P) denote the dimension of P . We say that a lattice polytope P has the integer
decomposition property if for each integer n≥ 1,
nP ∩ZN = (n−1)P ∩ZN +P ∩ZN ,
where nP is the nth dilated polytope of P , i.e., nP = {nx : x ∈ P}. A lattice poly-
tope which has the integer decomposition property is called IDP. IDP polytopes turn up
in many fields of mathematics such algebraic geometry, where they correspond to pro-
jectively normal embeddings of toric varieties, and commutative algebra, where they cor-
respond to standard graded Cohen-Macaulay domains (see [3]). Moreover, the integer
decomposition property is particularly important in the theory and application of integer
programing [14, §22.10].
Now, we see a connection between IDP polytopes and commutative algebras. Let K
be a field. Given a graded noetherian commutative ring with A = ⊕∞i=0Ai with A0 = K,
we say A is standard graded if A = K[A1], i.e., A is generated by A1 as a K-algebra and
semi-standard graded if A is finitely generated as a K[A1]-module. We associate a lattice
polytopeP with a semi-standard graded K-algebra. Let K[X±1,T ] = K[X±11 , . . . ,X
±1
N ,T ]
be the Laurent polynomial ring in N+1 variables over K. We define the K-algebra K[P]
as follows:
K[P] = K[XaT n : a ∈ nP ∩ZN ,n ∈ Z≥0]⊂ K[X
±1,T ],
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where for a lattice point a= (a1, . . . ,aN) ∈ Z
N , XaT n = Xa11 · · ·X
aN
N T
n denotes a Laurent
monomial in K[X±1,T ]. It is known that K[P] is a semi-standard graded normal Cohen-
Macaulay domain of dimension dim(P)+1 by setting deg(XaT n) = n. Moreover, K[P]
is standard graded if and only if P is IDP. We call this graded K-algebra K[P] the
Ehrhart ring of P . Refer the reader to [3] for the detailed information about Ehrhart
rings.
Next, we recall what level polytopes are. For a subset A ⊂ RN , let int(A) denote the
relative interior of A with respect to the affine subspace of RN spanned by A. We say that
a lattice polytope P is level of index r, if r = min{t ∈ Z>0 : int(tP)∩Z
N 6= /0} and for
each integer n≥ r,
int(nP)∩ZN = int(rP)∩ZN +(n− r)P ∩ZN .
In particular, ifP is level of index r and | int(rP)∩ZN |= 1, then P is calledGorenstein
of index r. The Gorenstein polytopes give important examples in combinatorial commu-
tative algebra, mirror symmetry and tropical geometry (for details we refer to [1, 12]). On
the other hand, the level property is a generalization of the Gorenstein property and it has
only fairly recently been examined for certain classes polytopes (e.g., [9, 10, 11]).
Now, we see a connection between level polytopes and commutative algebras. Let R
be a Cohen-Macaulay graded ring with canonical module ωR. Then the number
a(R) =−min{i : (ωR)i 6= 0}
is called the a-invariant of R. It then follows that a(k[P]) =−min{t ∈ Z>0 : int(tP)∩
Z
N 6= /0}. We say that R is level if the canonical module ωR of R is generated by elements
of the same degree. The notion of level rings was introduced by Stanley [15]. By virtue
of Danilov [5] and Stanley [16], we know that the Ehrhart ring K[P] of P is level (of
a-invariant −r) if and only if P is level (of index r).
0.2. Motivations and main results. In the present paper, we discuss when a lattice poly-
tope is IDP or level. For instance, every lattice polygon is IDP and level. One of the most
famous results of this problem is the following:
Theorem 0.1 ([4, Theorem 1.3.3]). Let P ⊂ RN be a lattice polytope. Then we obtain
the following:
(1) For any positive integer n≥ dim(P)−1, nP is IDP;
(2) For any positive integer n≥ dim(P)+1, nP is level of index 1.
This theorem says that “large polytopes” are IDP and level. Furthermore, the following
result also says that “large polytopes” are IDP:
Theorem 0.2 ([7, Corollary 2.6]). Let P ⊂ RN be a lattice polytope of dimension d. If
every edge of P has lattice length ≥ 2d(d+1), then P is IDP.
This theorem follows from the fact that 2-convex-normal lattice polytopes are IDP ([7,
Corollarly 5]). A lattice polytope P ⊂RN is called 2-convex-normal if 2P =P ∩ZN +
P . It is known that lattice polytopes of dimension d each of whose edges has lattice
length ≥ 2d(d+1) are 2-convex-normal ([6, Theorem 1.2]). Hence Theorem 0.2 follows
from this fact.
Now, we recall two well-known constructions of lattice polytopes.
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Definition 0.3. Let P1, . . . ,Pm ⊂ R
N be lattice polytopes. The Minkowski sum P1+
· · ·+Pm of P1, . . . ,Pm is defined by
P1+ · · ·+Pm = {a1+ · · ·+am ∈ R
N | a1 ∈P1, . . . ,am ∈Pm} ⊂ R
N.
The Cayley sum P1 ∗ · · · ∗Pm of P1, . . . ,Pm is defined by
P1 ∗ · · · ∗Pm = conv({e1}×P1∪· · ·∪{em}×Pm)⊂ R
m×RN = Rm+N,
where e1, . . . ,em are the canonical unit coordinate vectors of R
m.
In the present paper, we consider the integer decomposition property and the level prop-
erty of Minkowski sums and Cayley sums. First, we discuss relations between Minkowski
sums and Cayley sums for the IDP and the level property. Let P1, . . . ,Pm ⊂ R
N be lat-
tice polytopes. We say that the tuple (P1, . . . ,Pm) is IDP if for any subset /0 6= I ⊂ [m] :=
{1, . . . ,m}, the equation (
∑
i∈I
Pi
)
∩ZN = ∑
i∈I
(Pi∩Z
N)
is satisfied. When m = 2, this notion is introduced and discussed in [7]. In particular,
in [13], Oda asked for which pair of lattice polytopes P,Q ⊂ RN , (P,Q) is IDP. The
following theorem is the first main theorem of the present paper.
Theorem 0.4. Let P1, . . . ,Pm ⊂ R
N be lattice polytopes. Then we obtain the following:
(1) The Cayley sum P1 ∗ · · · ∗Pm is IDP if and only if each Pi is IDP and for any
nonnegative integers a1, . . . ,am, the tuple (a1P1, . . . ,amPm) is IDP. In the case,
the Minkowski sum ∑
m
i=1aiPi is IDP.
(2) If P1 ∗ · · · ∗Pm is level of index m, then P1+ · · ·+Pm is level of index 1.
It is known that P1 ∗ · · ·∗Pm is Gorenstein of index m if and only if P1+ · · ·+Pm is
Gorenstein of index 1. However, the reverse of Theorem 0.4 (2) does not hold in general
(Example 1.8).
Next, we discuss when Minkowski sums and Cayley sums are IDP or level. In [9],
Higashitani considered when the Minkowski sums of dilated polytopes are IDP or level.
In fact, he showed the following:
Theorem 0.5 ([9, Theorem 2.1]). Let P1, . . . ,Pm ⊂ R
N be lattice polytopes. For each i,
let ni be a positive integer. Then we obtain the following:
(1) If for each i, ni ≥ dim(Pi), then n1P1+ · · ·+nmPm is IDP;
(2) If for each i, ni ≥ dim(Pi)+1, then n1P1+ · · ·+nmPm is level of index 1.
Theorems 0.4 and 0.5 naturally lead us to consider the following question:
Question 0.6. Let P1, . . . ,Pm ⊂ R
N be lattice polytopes. For each i, let ni be a positive
integer.
(1) If for each i, ni ≥ dim(Pi), then is n1P1 ∗ · · · ∗nmPm IDP?
(2) If for each i, ni ≥ dim(Pi)+1, then is n1P1 ∗ · · · ∗nmPm level of index m?
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The goal of the present paper is to give a complete answer to this question. In order
to solve Question 0.6 (1), we focus on 2-convex-normal lattice polytopes. In fact, we
will show when the Minkowski sums and the Cayley sums of 2-convex-normal lattice
polytopes are IDP (Theorem 2.1). By showing for any lattice polytope P and for any
positive integer n≥ dim(P), nP is 2-convex-normal (Lemma 2.2), we obtain an answer
to Question 0.6 (1) (Corollary 2.3 and Example 2.4).
Next, in order to solve Question 0.6 (2), we introduce a class of level polytopes. For a
lattice polytope P ⊂ RN , we consider the following condition:
(0.1) int(2P) = int(P)+(P ∩ZN).
Then such polytopes are always level (Proposition 3.1). In particular, we will show that
the Minkowski sum and the Cayley sum of lattice polytopes with interior lattice points
satisfying the condition (0.1) are always level (Theorem 3.2). By showing for any lattice
polytope P and for any positive integer n≥ dim(P)+1, nP has interior lattice points
and satisfies the condition (0.1) (Lemma 3.3), we obtain an answer to Question 0.6 (2)
(Corollary 3.4).
1. RELATIONS BETWEEN MINKOWSKI SUMS AND CAYLEY SUMS
In this section, we discuss relations between Minkowski sums and Cayley sums. In par-
ticular, we prove Theorem 0.4. First, we consider a relation between points in Minkowski
sums and that in Cayley sums.
Lemma 1.1. Let P1, . . . ,Pm ⊂ R
N be convex polytopes. Then for any nonnegative real
numbers a1, . . . ,am, we have
(a1+ · · ·+am)(P1 ∗ · · · ∗Pm)∩
({
m
∑
i=1
aiei
}
×RN
)
=
{
m
∑
i=1
aiei
}
×
m
∑
i=1
aiPi.
Proof. For each 1 ≤ i ≤ m, let vi1, . . . ,viri be the vertices of Pi, where ri is the number
of vertices of Pi. Fix positive real numbers a1, . . . ,am. Given a point x ∈ ∑
m
i=1 aiPi, we
can write x = ∑mi=1∑
ri
j=1λi jvi j, where for any 1≤ i ≤ m and 1 ≤ j ≤ ri, 0≤ λi j ≤ 1 and
∑
ri
j=1λi j = ai. Then one has
(a1e1+ · · ·+amem,x) =
m
∑
i=1
ri
∑
j=1
λi j(ei,vi j) ∈ R
m+N .
Since each (ei,vi j) is a vertex of P1 ∗ · · · ∗Pm, we obtain (a1e1+ · · ·+amem,x) ∈ (a1+
· · ·+am)(P1 ∗ · · · ∗Pm). Hence it follows
(a1+ · · ·+am)(P1 ∗ · · · ∗Pm)∩
({
m
∑
i=1
aiei
}
×RN
)
⊃
{
m
∑
i=1
aiei
}
×
m
∑
i=1
aiPi.
Conversely, take a point x ∈ (a1+ · · ·+ am)(P1 ∗ · · · ∗Pm). Then we can write x =
∑
m
i=1∑
ri
j=1νi j(ei,vi j), where for any 1≤ i≤m and 1≤ j≤ ri, 0≤ νi j and ∑
m
i=1∑
ri
j=1 νi j =
4
a1 + · · ·+ am. Assume that x ∈ {∑
m
i=1aiei} ×R
N . Then for any 1 ≤ i ≤ m, one has
∑
ri
j=1 νi j = ai. Hence we obtain x ∈ {∑
m
i=1 aiei}×∑
m
i=1 aiPi. This implies that
(a1+ · · ·+am)(P1 ∗ · · · ∗Pm)∩
({
m
∑
i=1
aiei
}
×RN
)
⊂
{
m
∑
i=1
aiei
}
×
m
∑
i=1
aiPi,
as desired. 
Similarly, we can obtain the following.
Lemma 1.2. Let P1, . . . ,Pm ⊂ R
N be convex polytopes. Then for any positive real
numbers a1, . . . ,am, we have
int((a1+· · ·+am)(P1∗· · ·∗Pm))∩
({
m
∑
i=1
aiei
}
×RN
)
=
{
m
∑
i=1
aiei
}
×int
(
m
∑
i=1
aiPi
)
.
Now, we prove Theorem 0.4.
Proof of Theorem 0.4. (1) Suppose that P1 ∗ · · · ∗Pm is IDP. Since P1, . . . ,Pm is faces
of P1 ∗ · · · ∗Pm, each Pi is IDP. Fix nonnegative integers a1, . . . ,am and take x ∈
(n∑mi=1aiPi)∩Z
N with a positive integer n. Then by Lemma 1.1, we have(
n
m
∑
i=1
aiei,x
)
∈ n(a1+ · · ·+am)(P1 ∗ · · · ∗Pm)∩
({
n
m
∑
i=1
aiei
}
×RN
)
.
Since P1 ∗ · · · ∗Pm is IDP, we can write (n∑
m
i=1aiei,x) = x1+ · · ·+xn(a1+···+am), where
each xi ∈ P1 ∗ · · · ∗Pm ∩Z
m+N . In particular, we may assume that for any 1 ≤ k ≤ n,
1≤ i ≤ m and 1≤ j ≤ ai, xk(a1+···+ai−1+ j) ∈ {ei}× (Pi∩Z
N). Hence it follows that the
tuple (a1P1, . . . ,amPm) is IDP. Moreover, we can write (n∑
m
i=1aiei,x) = y1+ · · ·+yn,
where y1, . . . ,yn ∈ {n∑
m
i=1aiei}× (∑
m
i=1aiPi ∩Z
N). This implies that the Minkowski
sum ∑
m
i=1 aiPi is IDP.
Conversely, suppose that each Pi is IDP and for any nonnegative integers a1, . . . ,am,
the tuple (a1P1, . . . ,amPm) is IDP. Take x∈ n(P1∗· · ·∗Pm)∩Z
m+N with some positive
integer n. It then follows from Lemma 1.1 that there are nonnegative integers a1, . . . ,am
with a1+ · · ·+ am = n and y ∈ (∑
m
i=1aiPi)∩Z
N such that (∑mi=1aiei,y) = x. Since the
tuple (a1P1, . . . ,amPm) is IDP, there are y1, . . . ,ym ∈ Z
N such that each yi ∈ aiPi∩Z
N
and y = y1 + · · ·+ ym. Moreover since each Pi is IDP, for any 1 ≤ i ≤ m, there are
y
(i)
1 , . . . ,y
(i)
ai ∈ Pi ∩Z
N such that yi = y
(i)
1 + · · ·+ y
(i)
ai . Therefore, P1 ∗ · · · ∗Pm is IDP
since each (ei,y
(i)
j ) ∈P1 ∗ · · · ∗Pm∩Z
m+N and x= ∑mi=1∑
ai
j=1(ei,y
(i)
j ).
(2) Every interior lattice point of m(P1 ∗ · · · ∗Pm) belongs to {e1+ · · ·+ em}×Z
N .
Hence by Lemma 1.2, we know that P1+ · · ·+Pm has interior lattice points. Let a ∈
int(n(P1+ · · ·+Pm))∩Z
N with a positive integer n. Then by Lemma 1.2, one has
(n(e1+ · · ·+ em),a) ∈ int(nm(P1 ∗ · · · ∗Pm))∩ ({n(e1+ · · ·+ em)}×R
N).
Since P1 ∗ . . . ∗Pm is level of index m, we can write (n(e1+ · · ·+ em),a) = b1 + b2,
where b1 ∈ int(m(P1 ∗ · · · ∗Pm))∩Z
m+N and b2 ∈ (n− 1)m(P1 ∗ · · · ∗Pm)∩Z
m+N .
Then by Lemmas 1.1 and 1.2, b1 ∈ {e1+ · · ·+em}× int(P1+ · · ·+Pm) and b2 ∈ {(n−
5
1)(e1+ · · ·+ em)}× (n−1)(P1+ · · ·+Pm). Hence P1+ · · ·+Pm is level of index 1,
as desired. 
Now, we focus on the case where m = 2 and the integer decomposition property. The
following conjecture by Oda is well-known.
Conjecture 1.3 (Oda Conjecture). Let P,Q ⊂ RN be lattice polytopes. If P is smooth
and the normal fan of Q coarsens that of P , then (P,Q) is IDP.
Hence from Theorem 0.4 (1) this conjecture is equivalent to the following.
Conjecture 1.4. Let P,Q⊂RN be lattice polytopes. If P is smooth and the normal fan
of Q coarsens that of P , then P ∗Q is IDP.
Conjecture 1.3 holds when N = 2. Moreover, in the case, we do not need the smooth-
ness assumption on P . In fact,
Theorem 1.5 ([8, Theorem 1.1]). LetP,Q⊂R2 be lattice polygons such that the normal
fan of Q coarsens that of P . Then (P,Q) is IDP.
Hence we obtain the following.
Corollary 1.6. LetP,Q⊂R2 be lattice polygons such that the normal fan ofQ coarsens
that of P . Then P ∗Q is IDP.
Next, we recall the following result on the Gorenstein property of Minkowski sums and
Cayley sums.
Theorem 1.7 ([2, Th. 2.6]). Let P1, . . . ,Pm ⊂ R
N be lattice polytopes with dim(P1+
· · ·+Pm) =N. Then P1 ∗· · ·∗Pm is Gorenstein of index m if and only if P1+ · · ·+Pm
is Gorenstein of index 1.
Let us note that Gorenstein polytopes are level. However, the reverse of Theorem 0.4
(2) does not hold in general.
Example 1.8. Let P1 be the line segment from (1,0) to (0,1) and P2 the line segment
from (1,1) to (−h,−nh) with positive integers h and n. Then since the dimension of
P1+P2 is 2, P1+P2 is level of index 1. However, from [10, Theorem 4.5], we know
that P1 ∗P2 is not level. Hence the reverse of Theorem 0.4 (2) does not hold in general.
2. MINKOWSKI SUMS AND CAYLEY SUMS OF 2-CONVEX-NORMAL LATTICE
POLYTOPES
In this section, we will give an answer to Question 0.6 (1). First, we show when the
Minkowski sums and the Cayley sums of 2-convex-normal lattice polytopes are IDP.
Theorem 2.1. Let P1, . . . ,Pm ⊂ R
N be 2-convex-normal lattice polytopes. Then we
obtain the following:
(1) The Minkowski sum P1+ · · ·+Pm is IDP;
(2) The Cayley sum P1 ∗ · · · ∗Pm is IDP if (and only if) the tuple (P1, . . . ,Pm) is
IDP.
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Proof. (1) Given a lattice point x∈ n(P1+ · · ·+Pm)with a positive integer n, there exist
m points x1, . . . ,xm such that for each i, xi ∈ nPi and x= x1+ · · ·+xm. Moreover, since
each Pi is 2-convex-normal, for each i, we can write xi = yi1+ · · ·+yin, where yi1 ∈Pi
and for any 2 ≤ j ≤ n, yi j ∈ Pi ∩Z
N . For 1 ≤ j ≤ n, set z j = y1 j + · · ·+ ymj. Then
z2, . . . ,zn are lattice points in P1+ · · ·+Pm. Moreover since x is a lattice point, z1 must
be a lattice point in P1+ · · ·+Pm. Hence P1+ · · ·+Pm is IDP.
(2) Thanks to Theorem 0.4 (1), we should show that if (P1, . . . ,Pm) is IDP, then
P1 ∗ · · · ∗Pm is IDP. In order to prove this, we use the induction on m. When m= 1, this
is clear. Assume that m≥ 2. Let a ∈ n(P1 ∗ · · · ∗Pm)∩Z
m+N with a positive integer n.
Then we can write
a= (t1e1,a1)+ · · ·+(tmem,am),
where ai ∈ tiPi, ti ∈ Z≥0 and ∑
m
i=1 ti = n. Set I = {i : ti ≥ 1}. Since each Pi is 2-convex-
normal, by using Lemma 1.1, a can be written like
a= (∑
i∈I
ei,c)+ c1+ · · ·+ cn−|I|,
where c ∈ (∑i∈I Pi)∩Z
N and ci ∈ (P1 ∗ · · · ∗Pm)∩Z
m+N . Since (P1, . . . ,Pm) is IDP,
(∑i∈I ei,c) can be decomposed into |I| lattice points belonging to P1 ∗ · · · ∗Pm. Thus,
P1 ∗ · · · ∗Pm is IDP, as desired. 
Next, we see when a dilated polytope is 2-convex-normal.
Lemma 2.2. Let P ⊂ RN be a lattice polytope. Then for any integer n≥ dim(P), nP
is 2-convex-normal.
Proof. Set d = dim(P). When d = 0, this is clear. We assume that d ≥ 1. Let a ∈
2nP . By Carathe´odory’s Theorem (cf. [14, Corollary 7.1j]), there exist d+ 1 affinely
independent vertices v0, . . . ,vd of P such that a= ∑
d
i=0λivi, where λi ≥ 0 and ∑
d
i=0λi =
2n. From the facts that n+ 1 ≥ d+ 1 and ∑di=1(λi− ⌊λi⌋) ≤ n, a can be written like
a = b+ v j1 + · · ·+ v jn , where b ∈ nP . Since v j1 + · · ·+ v jn ∈ (nP ∩Z
N), one has
a ∈ nP +(nP ∩ZN). Therefore, nP is 2-convex-normal. 
From Theorem 2.1 and Lemma 2.2 we obtain the following corollary:
Corollary 2.3. Let P1, . . . ,Pm ⊂ R
N be lattice polytopes. For each i, let ni be a positive
integer with ni ≥ dim(Pi). Then we obtain the following:
(1) ([9]) n1P1+ · · ·+nmPm is IDP;
(2) n1P1 ∗ · · · ∗nmPm is IDP if (and only if) (n1P1, . . . ,nmPm) is IDP.
Now, we see that Question 0.6 (1) is not true in general.
Example 2.4. Let P1 ⊂ R
2 be the line segment from (0,0) to (1,2) and P2 ⊂ R
2 the
line segment from (0,0) to (1,0). Then for any positive integer n1,n2, (n1P1,n2P2) is
not IDP. Indeed, one has (1,1) ∈ (n1P1+n2P2)∩Z
2. On the other hand, since
(n1P1∩Z
2)+(n2P2∩Z
2) = {(a+b,2a) : a,b ∈ Z,0≤ a≤ n1,0≤ b≤ n2},
we obtain (1,1) /∈ (n1P1∩Z
2)+(n2P2∩Z
2). Hence (n1P1,n2P2) is not IDP. Thus, it
follows from Theorem 0.4 (1) that n1P1 ∗ n2P2 is not IDP. Therefore, Question 0.6 (1)
in not true in general.
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Finally, we give another corollary of Theorem 2.1.
Corollary 2.5. Let P1, . . . ,Pm ⊂R
N be lattice polytopes. Suppose that for each i, every
edge of Pi has lattice length ≥ 2dim(Pi)(dim(Pi)+1). Then we obtain the following:
(1) P1+ · · ·+Pm is IDP;
(2) P1 ∗ · · · ∗Pm is IDP if (and only if) (P1, . . . ,Pm) is IDP.
Proof. This follows from Theorem 2.1 and [7, Corollary 6]. 
3. MINKOWSKI SUMS AND CAYLEY SUMS OF LEVEL POLYTOPES
In this section, we give an answer to Question 0.6 (2). First, we show that a lattice
polytope satisfying the condition (0.1) is level.
Proposition 3.1. Let P ⊂ RN be a lattice polytope which satisfies the condition (0.1).
Then P is level.
Proof. Let r = min{t ∈ Z>0 : int(tP)∩Z
N 6= /0}. Fix a positive integer n ≥ r+ 1 and
take an interior lattice point x in nP . Since for lattice polytopes P1, . . . ,Pm ⊂ R
N ,
int(P1+ · · ·+Pm) = int(P1)+ · · ·+ int(Pm), from the condition (0.1), one has
int(nP) = int(rP)+(P ∩ZN)+ · · ·+(P ∩ZN)︸ ︷︷ ︸
n−r
.
Hence there exist x1 ∈ int(rP) and x2, . . . ,xn−r+1 ∈ P ∩Z
N such that x = x1+ x2+
· · ·+ xn−r+1. In particular, from x ∈ Z
N , one has x1 ∈ int(rP)∩Z
N . Therefore, since
x2+ · · ·+xn−r+1 ∈ (n− r)P ∩Z
N , P is level of index r. 
Now, we show when the Minkowski sums and the Cayley sums of lattice polytopes
with interior lattice points which satisfy the condition (0.1) are level.
Theorem 3.2. Let P1, . . . ,Pm ⊂ R
N be lattice polytope with interior lattice points sat-
isfying the condition (0.1). Then we obtain the following:
(1) The Minkowski sum P1+ · · ·+Pm is level of index 1;
(2) The Cayley sum P1 ∗ · · · ∗Pm is level of index m.
Proof of Theorem 3.2. From Theorem 0.4 (2), we should show only the claim (2). Since
each Pi has interior lattice points, from Lemma 1.2, m(P1 ∗ · · ·∗Pm) has interior lattice
points. In particular, min{t ∈Z≥1 : int(t(P1∗· · ·∗Pm))∩Z
m+N 6= /0}=m. Let n≥m+1
and a ∈ int(n(P1 ∗ · · · ∗Pm))∩Z
m+N , and for 1 ≤ i ≤ m, vi1, . . . ,viri the vertices of
Pi, where ri is the number of vertices of Pi. Then since a is an interior lattice point in
n(P1 ∗ · · · ∗Pm), we can write
a=
m
∑
i=1
ri
∑
j=1
λi j(ei,vi j),
where for any 1≤ i≤m and 1≤ j≤ ri, 0< λi j, and ∑
m
i=1∑
ri
j=1λi j = n. For each 1≤ i≤m,
set ti = ∑
ri
j=1λi j ∈ Z≥1 and a
′
i = ∑
ri
j=1λi j(ei,vi j) ∈ int(ti({ei}×Pi)). Since each Pi
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satisfies the condition (0.1), for each i, there exist bi1 ∈ int({ei}×Pi) and b2, . . . ,bti ∈
({ei}×Pi)∩Z
m+N with a′i = bi1+bi2+ · · ·+biti . Hence one has
a= (b11+ · · ·+bm1)+
m
∑
i=1
ti
∑
j=2
bi j.
Then it follows that b11+ · · ·+bm1 ∈ int(m(P1 ∗ · · · ∗ · · ·Pm)) and ∑
m
i=1∑
ti
j=2bi j ∈ (n−
m)(P1 ∗ · · · ∗Pm)∩Z
N+m. Since a is a lattice point, b11+ · · ·+bm1 must be a lattice
point. Hence one has b11+ · · ·+bm1 ∈ int(m(P1 ∗ · · · ∗Pm))∩Z
m+N . Therefore, P1 ∗
· · · ∗Pm is level of index m, as desired. 
Next, we see when a dilated polytope satisfies the condition (0.1).
Lemma 3.3. Let P ⊂ RN be a lattice polytope. Then for any integer n ≥ dim(P)+1,
nP has interior lattice points and satisfies the condition (0.1).
Proof. Set d = dim(P) and a ∈ int(2nP). Then there exist d′+1 affinely independent
vertices v0, . . . ,vd′ of P such that a=∑
d′
i=0λivi, where d
′ ≤ d, for each 1≤ i≤ d′, λi > 0,
and ∑
d′
i=0λi = 2n. Since 2n ≥ d+ 2 ≥ d
′+ 2, there exists an index j such that λ j > 1.
Hence a= (∑di=0λivi−v j)+v j and (∑
d
i=0λivi−v j) ∈ int((2n−1)P). From the fact that
n+1 ≥ d+2, a can be written like a= a′+v j1 + · · ·+v jn , where a
′ ∈ int(nP). Hence
a ∈ int(nP)+(nP ∩ZN), as desired. 
From Theorem 3.2 and Lemma 3.3 we obtain the following corollary.
Corollary 3.4. Let P1, . . . ,Pm ⊂ R
N be lattice polytopes. For each i, let ni be a positive
integer with ni ≥ dim(Pi)+1. Then we obtain the following:
(1) ([9]) n1P1+ · · ·+nmPm is level of index 1;
(2) n1P1 ∗ · · · ∗nmPm is level of index m.
Therefore, Question 0.6 (2) is true.
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